
Research Article Vol. 12, No. 12 / 1 Dec 2022 / Optical Materials Express 4755

Controlling localized states in a two-leg ladder
lattice with diagonal edges via gain/loss
[Invited]
RUI YE,1 GUANGZHEN LI,1,4 LUOJIA WANG,1 XIAOXIONG WU,1

LUQI YUAN,1,* AND XIANFENG CHEN1,2,3

1State Key Laboratory of Advanced Optical Communication Systems and Networks, School of Physics and
Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China
2Shanghai Research Center for Quantum Sciences, Shanghai 201315, China
3Collaborative Innovation Center of Light Manipulation and Applications, Shandong Normal University,
Jinan 250358, China
4liguangzhen520@sjtu.edu.cn
*yuanluqi@sjtu.edu.cn

Abstract: Gain and loss engineering can bring fascinating physical phenomena and lead to
useful potential applications in optics and photonics. Here we study a two-leg ladder lattice with
diagonal-edge open boundary condition which supports zero-energy modes with localization
phenomena. By considering the on-site gain and loss on two legs respectively, we see the
phase transition of features from localization at edges to extension into bulk. Meanwhile, the
effective magnetic flux can further enhance the localization effect. Simulations are performed
to verify the manipulation of localization via gain and loss in our model. This work offers the
opportunity for controlling the localized states in a finite system through the non-Hermiticity and
shows potential application towards implementing high-power laser arrays in both real space and
synthetic dimensions.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Non-Hermitian physics has been widely studied to understand the property of various open
systems [1–12]. Intriguing features including nonreciprocity [13–15], half-integer winding
numbers [16,17], and non-Hermitian skin effect [18–22] are demonstrated both in non-Hermitian
solid-state systems and photonics, which thus paves the way for potential applications, such
as single-mode laser [23–25], sensitivity enhancement [26–28], and robust transmission of
topological states [29–31]. In recent years, the parity and time reversal (PT) symmetry has
attracted broad interest in non-Hermitian systems [3,32–35], since system can undergo phase
transition between PT-unbroken and PT-broken phases, corresponding to real and complex energy
spectra, respectively. Therefore, one can manipulate the topological properties of non-Hermitian
system through PT symmetry and achieve exotic phenomena such as topological phase transition
[36–38] and localized edge states [39–43]. For example, in photonics, the effect of PT symmetry
on controlling the localized edge states has been widely studied in different platforms, where
robust filed localization of topological edge state in finite PT-symmetric silicon waveguide
[44], and controllable edge state localized at the interface by constructing a PT-symmetric
Su-Schrieffer-Heeger model [45] have been observed. In many such studies, PT symmetry is
introduced by gain and loss that are distributed in a geometrically symmetric way.

The bulk-boundary correspondence plays a fundamental role in the band theory of tight-binding
models [46–52]. However, edge states that exhibits inside the band gap and is localized at
the boundary are sensitive to the boundary condition [53–55]. Therefore, one can control the
behavior of edge states by designing different boundary conditions [56,57]. In addition, the
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ladder system has been proven to be a powerful platform for characterizing edge states, due to
its simple geometry, abundant phase diagrams and diverse types of boundaries [58–63]. Rich
behaviors of edge states have been obtained by manipulating the type of boundaries in ladder
systems, for example, achieving topological trivial and nontrivial edge states in vertical edge
and diagonal edge open boundary conditions [64]. In addition, non-Hermiticity is also been
introduced into the ladder system, where interesting physics such as topological transformation of
the non-Hermitian skin effect and dynamical signature of the moiré pattern are explored [65,66]

In this work, we study a finite two-leg ladder model with on-site gain and loss on two legs
respectively, and study the behavior of localized states, which can be controlled by the amplitude
of gain/loss. As aforementioned, non-Hermitian system is highly sensitive to boundary conditions.
Different from the condition in periodic boundary condition (PBC), which clearly exhibits an
exceptional point (a non-Hermitian degeneracy) [67], here we investigate the two-leg ladder
model in the diagonal-edge open boundary condition (OBC) [64,68] together with on-site gain
and loss and effective magnetic flux. We find that the complex eigenvalues of the lattice can still be
manipulated by both the amplitude of gain/loss γ and also the influence of the effective magnetic
flux ϕ. In particular, we see that when γ is small, the localized edge states exist, which holds pure
gain or loss at different edges. However, when γ becomes larger, the eigen-modes of the lattice
all extend into the bulk of the lattice. Different from previous works on non-Hermitian lattices
with edge states [57,69–71], our study shows features of localizations in a ladder lattice with the
diagonal-edge OBC and the effects of the transition from localization at edges to extension into
bulk in the fluence of the gain/loss non-Hermicity and the effective magnetic flux, which could
be useful for manipulating the edge-mode lasing in both real space and synthetic dimensions.

2. Model

We begin with considering a two-leg ladder model formed by leg A and leg B under periodic
boundary condition as shown in Fig. 1(a), where the lattice sites are labelled as An (red circle)
and Bn (blue circle), respectively. Sites An and Bn at the same n are coupled at a longitudinal
coupling strength w. The horizontal nearest-neighbor sites in leg A and leg B are connected
by asymmetric couplings with Vae±iφa and Vbe±iφb , respectively. Va, Vb and ϕa, ϕb are the
corresponding coupling amplitudes and phases. Such configuration can induce an effective
magnetic flux represented by ϕ = ϕa − ϕb [72]. On-site gain and loss are also applied on leg A
and leg B with the same values γ, which can introduce non-Hermiticity into the two-leg ladder
system. Then one can obtain the Hamiltonian of the system as

H=
∑︂

n

[︂
iγ
(︁
a†nan − b†nbn

)︁
+ w(a†nbn + b†nan) + Vae−iφaa†nan+1 + Vbe−iφbb†nbn+1 + h.c.

]︂
, (1)

where a†n and b†n (an and bn) are the creation (annihilation) operators for lattice sites An and Bn,
respectively. We can further transfer Eq. (1) into the momentum space (k space)

H
′

= iγ
(︁
a†kak − b†kbk

)︁
+ w

(︁
a†kbk + b†kak

)︁
+ 2Va cos

(︁
k + ϕa

)︁
a†kak + 2Vb cos

(︁
k + ϕb

)︁
b†kbk. (2)

The corresponding Bloch Hamiltonian of the system reads

Hk =
⎛⎜⎝

2Va cos(k + ϕa) + iγ w

w 2Vb cos(k + ϕb) − iγ
⎞⎟⎠ , (3)

which satisfies PTHkPT−1 = Hk under conditions Va = Vb and ϕa = ϕb. Here P and T represent
the parity and time reversal operators, respectively. The corresponding eigenvalues of the system
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in Fig. 1(a) are

E± = V[cos(k + ϕa) + cos(k + ϕb)] ±

√︂
[V cos(k + ϕa) − V cos(k + ϕb) + 2iγ]2 + 4w2, (4)

where we set Va = Vb = V for simplicity. When there is no phase difference, i.e. ϕa = ϕb = 0,
the eigenvalues in Eq. (4) turns into a well-known form E± = 2V cos(k) ± 2

√︁
w2 − γ2 [73]. We

take V = 0.2, w = 0.5 and plot the real and imaginary parts of the eigenvalues [Re(E) and Im(E)]
at k = 0 described by Eq. (4) as a function of γ in Fig. 1(b) with ϕa = ϕb = π/2. Note that
parameters V , w, and γ have the same unit as the energy and we assume them unitless for the
simplicity. The model is then scalable. One sees that the system has real eigenvalues without
imaginary parts (PT-unbroken phase) when γ<w, which becomes complex ones once γ>w
(PT-broken phase). The real and imaginary parts of the eigenvalues degenerate to one point at
γ = w. This bifurcation point, also known as the exceptional point (EP), corresponds to the PT
unbroken-broken threshold, which is the key feature of non-Hermitian systems [74].
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Fig. 1. (a) Schematic of a periodic two-leg ladder system with on-site gain (+γ) and loss (−γ)
applied on leg A and leg B, respectively. (b) The energy spectrum of the system in (a) as a
function of the on-site gain and loss γ with V = 0.2, w = 0.5, and ϕa = ϕb = π/2 at k = 0. (c)
A finite two-leg ladder system with on-site gain and loss γ under the diagonal-edge boundary
condition. (d) The eigenvalues of the lattice model in (c) with V = 0.2, w = 0.5, γ = 0.2,
and ϕ = 0. The bottom horizontal axis represents the number index (N) of the eigenvalue.

On the basis of Fig. 1(a), we consider a finite two-lag ladder system under open boundary
condition with total sites number 2n = 20 as shown in Fig. 1(c), where both legs contain 10
lattice sites labelled as Am(m = 1, 2 · · · 10) and Bj(j = 0, 1 · · · 9), respectively. Site A10 and site
B0 have no longitudinal coupling, which thus constructs a diagonal edge configuration on this
lattice model. Due to the finite lattice structure, k therefore is no longer a good quantum number.
One can calculate the corresponding energy spectrum (EN) by diagonalizing the Hamiltonian
in Eq. (1) with 2 × 10 lattice sites, which is plotted in Fig. 1(d) under the regime with γ<w,
where one sees a pair of eigenstates (called zero-energy modes) located at the real energy gap
(N = 10 and N = 11). Here, N = 1, 2 · · · 20 stands for the number of the eigenvalues. The two
zero-energy modes have zero real eigenvalues but conjugate imaginary parts, which indicates the
existence of edge states [69]. However, for a different boundary condition such as a vertical-edge
OBC, there is no zero-energy mode and hence the corresponding localized edge states do not
exist. In the following, we will show the effects of on-site gain and loss γ as well as the effective
magnetic flux ϕ in the finite two-leg ladder system with the diagonal-edge OBC.
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3. Theoretical analysis

We first explore the effect of the on-site gain and loss γ in the lattice with the diagonal edge shown
in Fig. 1(c) with ϕ = 0 and V = 0.2, and calculate the energy spectra with varied longitudinal
coupling strength w, which are plotted in Fig. 2. For the special case w = 0, the two legs of the
ladder lattice become independent, in which case the system does not support zero-energy mode
since the system is always under the regime with γ>w [see Fig. 2(a)]. When the longitudinal
coupling w is included [see Figs. 2(b)-(d)], the system experiences phase transition at γ = w.
The two branches in the imaginary part of eigenvalues correspond to the zero-energy modes in
the real part. As we will show next that the zero-energy modes manifest at the regime with γ<w
and disappear at the regime with γ>w, which shows a transition that is linked to the PT transition
in an infinite model.
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Fig. 2. The energy spectra of the lattice model as a function of on-site gain and loss γ under
conditions (a) w = 0, (b) w = 0.5, (c) w = 0.6, and (d) w = 0.8, with V = 0.2 and ϕ = 0.
The upper and lower panels denote the real and imaginary parts of the eigenvalues solved
from Eq. (1), respectively. Red lines correspond to zero-energy modes.

To unveil the nderlyings of the non-Hermiticity, we focus on studying the properties of the
zero-energy modes. Let ψN be the eigenstate corresponding to the Nth eigenvalue (EN) of the
Hamiltonian in Eq. (1), which satisfies the Schrödinger equation HψN = ENψN . For a specific
eigenvalue EN , the projection of the eigenstate on each lattice site is defined as ψN = (ψA,m,ψB,j)

T,
where ψA,m(m = 1, 2 · · · 10) and ψB,j(j = 0, 1 · · · 9) are the projections on the lattice sites in leg A
and leg B, respectively. We only consider the eigenstates corresponding to the two eigenvalues
E10 and E11 [see Fig. 1(d)], whose intensity distributions are plotted in Figs. 3(b1)-(c3) with
choices of w = 0.5 and γ = 0, 0.4, 0.8, respectively. The upper and lower panels in each subfigure
of Figs. 3(b1)-(c3) show the intensity projections of the eigenstates

|︁|︁ψA,m
|︁|︁2 (red bars) and

|︁|︁ψB,j
|︁|︁2

(blue bars), respectively. First, we consider a conventional two-leg ladder system without on-site
gain and loss (γ = 0) [see Figs. 3(b1)-(c1)], under which condition the real and imaginary parts
of the two eigenvalues E10 and E11 are both close to zero [see Fig. 3(a1)]. One notes that for the
eigenvalue E10 with negative imaginary part, the energy of the eigenstate mainly distributes on
lattice site B0 [see Fig. 3(b1)], namely, on the edge of leg B, while the energy mainly distributes
on the edge of leg A (site A10) [see Fig. 3(c1)] for the eigenvalue E11 with positive imaginary
part. It means that this hermite two-leg ladder system naturally supports the existence of edge
states that localizes at the edge (also called localized edge state). When the on-site gain and loss
γ is applied, one sees that the localized edge states still hold under the condition of γ = 0.4<w,
but with a little attenuation of the localization effect [see Figs. 3(b2)-(c2)]. The localization
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of the eigenstate collapses when the system experiences larger γ, i.e., γ = 0.8>w here, while
the real parts of the E10 and E11 are no longer close to zero. In this case, there is no edge state
supporting the localization feature, but interestingly, the eigenstates of E10 and E11 have nearly
uniform distributions only on leg B [see Figs. 3(b3)] or leg A [see Figs. 3(c3)], respectively.
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Fig. 3. Energy spectra and intensity distributions for the localized edge states on a 2n = 20
two-leg ladder with w = 0.5, ϕ = 0.5π. (a1)-(a3) Energy spectra, and (b1)-(c3) Intensity
distribution of the eigenstates of E10 and E11, for different γ = 0, 0.4, 0.8, respectively.

In order to further characterize the localization effect of the eigenstates, we define the inverse
participation ratio (IPR) for the zero-energy modes E10 and E11 as [75]

IPR =
∑︁

m
|︁|︁ψA,m

|︁|︁4 +∑︁j
|︁|︁ψB,j

|︁|︁4(︂∑︁
m
|︁|︁ψA,m

|︁|︁2 +∑︁j
|︁|︁ψB,j

|︁|︁2)︂2 , (5)

and plot it in Fig. 4 for different values of w that corresponds to Fig. 2. There is no localization
effect when w = 0 (IPR=0.136) due to the independence of the two legs. Once w is added, the
localization effect shows up at the regime with γ<w and disappears at the regime with γ>w. One
also sees that the strength of the localization is maximum at γ = 0, and decreases as γ increases
when γ<w.

We further study the influence of effective magnetic flux ϕ on this two-leg ladder lattice in
Fig. 1(c). We plot the energy spectra of the system varied with ϕ for different values of on-site
gain and loss γ while keeping V = 0.2 and w = 0.5 in Fig. 5. Without gain and loss (γ = 0), the
system becomes Hermitian, where real eigenvalues are seen in Fig. 5(a). The zero-energy modes
locate at the real energy gap through the entire effective magnetic flux interval [ϕ ∈ (0, 2π)].
When the on-site gain and loss is added, the eigenvalues become complex [see Figs. 5(b)-(d)].
The real energy gap only opens up within a certain range of ϕ if the system stays in the regime
with γ<w, where the existence of the zero-energy modes still holds through the entire range of ϕ
(0, 2π) [see Fig. 5(b)]. The real energy gap closes up if the system turns becomes γ>w, which
does not support the zero-energy mode any more [see Fig. 5(d)].

We exhibit the effect the effective magnetic flux ϕ on the distributions of the eigenstates that
corresponds to the zero-energy modes following the same procedure of Fig. 3, which are shown in
Figs. 6(a)-(f) with the system at the condition of γ = 0.4, w = 0.5. We also plot the distributions
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Fig. 5. The energy spectra in Fig. 1(c) as a function of the effective magnetic flux ϕ under
(a) γ = 0, (b) γ = 0.4, (c) γ = 0.5, (d) γ = 0.8, with parameters V = 0.2 and w = 0.5. The
upper and lower panels denote the real and imaginary parts of the eigenvalues, respectively.
Red lines correspond to zero-energy modes.

of the eigenstats on the lattice sites in leg A (
|︁|︁ψA,m

|︁|︁2) and leg B (
|︁|︁ψB,j

|︁|︁2) separately in the upper
and lower panels of each subfigure in Figs. 6(a)-(f). Without the effective magnetic flux (ϕ = 0),
only less than half of energy of the eigenvalues distribute on the edge of leg B [see Fig. 6(a)]
or leg A [see Fig. 6(b)], which is decided by the sign of imaginary part of the eigenvalues.
Meanwhile, the rest of the energy scatters into the bulk [see Fig. 6(a)-(b)]. The localization effect
becomes stronger if ϕ falls in the real energy gap [see Fig. 5(b) and Figs. 6(c)-(f)], which reaches
to the maximum when ϕ = π [see Figs. 6(e)-(f)]. Similarly, we plot the corresponding IPR as a
function of ϕ when γ varies in Fig. 6(g). Without on-site gain and loss (γ = 0), the system has the
strongest localization effect. In certain range of ϕ, the localization effect increases along with ϕ
if the system stays at the regime with γ<w, which approaches to the maximum IPR at ϕ = π. We
also see that ϕ has no effect on the localization if γ exceeds the threshold with γ = w (γ = 0.8).

One can clearly see that both the on-site gain and loss γ as well as the effective magnetic flux
ϕ have the capability to control the localized edge state of the non-Hermitian two-leg ladder
system with the diagonal edge. Here, we exhibit the interplay between the two factors on the
IPR and show the phase diagram in the case of V = 0.2 and w = 0.5 in Fig. 7. The larger IPR
with smaller γ and larger ϕ (up to π) could be the result from larger size of band gap, as one can
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Fig. 6. Intensity distributions for the localized edge states with w = 0.5, γ = 0.4. (a)-(f)
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(c)-(d) ϕ = π/2, (e)-(f) ϕ = π. (g) IPR of zero-energy modes versus gain and loss coefficient
γ for the various ϕ.
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see from both Figs. 2 and 5. The zero-energy mode has the maximum IPR at γ = 0 and ϕ = π.
When γ becomes larger, IPR decreases for each choice of ϕ. Nevertheless, if we define a critical
value of IPR = 0.185, which corresponds to the IPR value under the choice of γ = 0.5 and ϕ = 0,
one can see that the transition of IPR is pushed toward higher value of γ when larger effective
magnetic flux is introduced (i.e., ϕ approaches approximately larger than π/2).
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Fig. 7. Phase diagram of the IPR as a function of on-site gain and loss (γ) and the effective
magnetic flux (ϕ). Dashed blue line indicates the contour line of IPR = 0.185, which
corresponds to the IPR value under the choice of γ = 0.5 and ϕ = 0.

4. Numerical simulations

We perform the numerical simulations to verify the properties of the studied localization effects
in this two-leg ladder system in Fig. 1(c) with the input excitation. We define the wave function
of light as

|φ (t)⟩ =
⎡⎢⎢⎢⎢⎣

10∑︂
m=1

va,m (t) a†m +
9∑︂

j=0
vb,j (t) b†j

⎤⎥⎥⎥⎥⎦ |0⟩ , (6)

where va,m and vb,j represent the amplitude of the photon states at lattice sites Am and Bj,
respectively. By solving the Schrödinger equation i d

dt |φ⟩ = H |φ⟩ with H defined by Eq. (1), one
obtains the coupled mode equations

v̇a,m(t) = γva,m(t) − iwvb,j(t) − iV
(︂
va,m+1e−iφa + va,m−1eiφa

)︂
+ iSinδm,m′ ,

v̇b,j(t) = −γvb,j(t) − iwva,m(t) − iV
(︂
vb,j+1e−iφb + vb,j−1eiφb

)︂
+ iSinδj,j′ .

(7)

Here Sin refers to the input pulse shape that excites a particular site m′ or j′.
In simulations, we continue work with unitless parameters and keep V = 0.2 and w = 0.5.

The input source with a Gaussian shape is used, i.e., Sin = e−(t−25)2/100. We first study the case
without gain and loss γ (γ = 0) and ϕ = π/2 [see Figs. 8(a1)-(c1)], which corresponding to
the energy spectrum in Fig. 3(a1). The lattice is a normal system and the energy spectrum is
real. We find that the consequence of steady-state result in simulation is sensitive to the location
of excitation (as shown by the red arrow). We excite at the two endpoints (m′ = 10 on leg A
and j′ = 0 on leg B, respectively) and take t = 100 so the simulation reaches a steady state.
The corresponding simulation results are plotted in Figs. 8(a1)-(b1), where one can see that the
energy is eventually localized at the excitation site in both simulations. However, if we excite at
the middle site (m′

= 6 on the leg A) as shown in Fig. 8(c1), the result shows the energy of light
is distributed all over lattice sites. In this simulation, the bulk state is excited. Moreover, the total
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energy excited in the lattice is much smaller than those in previous two simulations, due to the
fact that the off-resonant excitation to the bulk mode in this case.

We next consider the non-Hermitian case with the choice of γ = 0.4, ϕ = 0.5π, which
corresponds to the energy spectrum shown in Fig. 3(a2). In this case, it exhibits two zero-energy
modes with opposite imaginary parts, where only the one supporting the localized mode at m = 10
in the A leg has the gain. We again excite the lattice using the same input excitations at three
different sites as those in the previous set of simulations and show the results in Figs. 8(a2)-(c2).
We find that in all three cases, a lasing behavior at the top right edge in the lattice exhibits, no
matter whether the system is excited at the bottom left edge or at the middle site. The reason is
that the zero-energy mode with the positive imaginary part of the eigen-energy has the maximum
gain over all other modes, and hence can eventually increase fast in intensity in a long time scale.
The results also show that it is indeed the case that we excite at the top right edge [Fig. 8(b2)]
gathering the most energy in the localized edge state among three cases. A high IPR = 0.3446 is
found in this case.

Lastly, we consider the simulations with γ = 0.8, corresponding to the energy spectrum in
Fig. 3(a3). There is no edge mode exiting, and all modes show the bulk distribution feature.
However, one notices that only sites on leg A experience the gain. Therefore, in simulations with
three different inputs, we see extended distributions on leg A, which accumulate with spatial
fluctuation versus time.

5. Discussion and conclusion

Our proposed lattice model is potentially feasible on various experimental platforms. The
development of integrated technology paves the way for the realization of coupled resonator
models, such as integrated microring resonator arrays that exhibits edge-mode lasing [76–78],
and photonic waveguide arrays supporting topological edge states [45,79]. In particular, coupled
microrings with silicon or lithium niobite photonic technologies [78,80–83] have shown the great
capability for simulate physics associated with tight-binding models. In such designs, one can
use auxiliary asymmetric waveguides to couples microrings in order to introduce the effective
magnetic flux [80]. The non-Hermicity can be introduced by either unbalanced loss engineering
with a global loss offset or adding active optical gain [3]. On the other hand, in addition to the
real space, one can construct the effective artificial lattice structure in synthetic dimension [84].
Particularly, in photonics, it offers a rich set of physical states for constructing synthetic lattices.
For example, one can create the proposed model by coupling different frequency modes in two
rings where one experiences gain and the other one has loss [85–89]. In this case, modulation
phases can introduce the effective magnetic flux [84]. Moreover, by adding additional small
rings, one can arbitrary knock off a particular frequency mode in this synthetic frequency lattice
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[90], and hence constructs the diagonal-edge OBC. Alternatively, one can utilize the temporal
degree of freedom and build the time-multiplexed lattice model with multiple pulses [91–94].

In summary, we provide a detailed study of a two-leg ladder lattice with the diagonal-edge
OBC with additional gain and loss applied on two legs respectively. We find that, with small gain
and loss, the system holds a pair of zero-energy modes with pure positive and negative imaginary
eigenvalues that exhibit localized distributions at edges. When the gain and loss further increase,
a phase transition happens and the localization features collapse. Moreover, the introduction of
the effective magnetic flux can influence the localization effect and then result in the larger IPR.
Simulations results present phenomena consistent to the theoretical analysis, and interestingly,
we show the existence of the gain mode localized at the edge. Our work offers the opportunity
for manipulating edge states with pure gain or loss in such lattice model and could finds potential
applications in achieving high-power laser arrays.
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